
er
®

m
bl

e

Prinsipalkomponentanalyse (PCA)

sc
ra

m

Ingrid Måge

U
ns

g g
CAMO Software

Th
e 



Oversikt

er
®• Hvorfor multivariate metoder?

• Kovarians – hva er det?

m
bl

e

• PCA – projeksjonsprinsippet
• Eksempel

sc
ra

m• Eksempel
– Bringebærsyltetøy

Utli d t k j d PCA

U
ns• Utliggerdeteksjon med PCA

• Eksempel

Th
e – Oljer



Why Multivariate data analysis ?y y

er
®All real processes are 

multivariate until 
otherwise proved

m
bl

e

M lti ariate processes need

otherwise proved

sc
ra

mMultivariate processes need 
multivariate sensors 

U
ns

M l i i d

Th
e Multivariate sensors need 

multivariate mathematics 
(chemometrics)(chemometrics)



Why multivariate data analysis?y y

M lti i t d t l i / h t i ff

er
®

Multivariate data analysis / chemometrics offer:
• Overview of complex problems
• Hypothesis generating tools

m
bl

e• Hypothesis generating tools
• Developement of rapid instrumental methods
• General applicability (medicin, food, environment, 

sc
ra

mpp y (
economy etc.)

U
ns

Th
e 



What is Chemometrics?

Ch t i

er
®

• Chemometrics:
– application and development of mathematical and 

statistical methods to extract information from

m
bl

estatistical methods to extract information from 
chemical data

sc
ra

m

• Exploratory chemometric data analysis:
– Seeking the latent variables in data

U
ns

Seeking the latent variables in data
– Mapping correlations between variables
– Evaluating differences between samples

Th
e Evaluating differences between samples

– Identifying outliers



Chemometrics in Practice

er
®

m
bl

e

• 40% application knowledge
• 30% common sense

sc
ra

m

• 20% statistics
• 10% mathematics

Software 
(The Unscrambler)

U
ns

Th
e 



The basic ”work horses”

Experimental design

er
®

Experimental design
Efficient experiments

m
bl

eExploratory data analysis (PCA)
Relations among 1 block of variables
Map of samples X

sc
ra

mMap of samples
Groups, patterns, outliers

X

U
nsRegression methods (MLR, PCR, PLS)

Relations between two blocks of 
variables

Th
e variables

Map of samples (PCR, PLS)
Model: Y=XB

YX

Predict new samples



Covariance – a central pointp

U li it

er
®

35

40

45

50 Upper limit

Temperature

m
bl

e

25

30

35

0 20 40 60 80 100
Time/sample no

Lower limit

sc
ra

mTime/sample no.

4 6 8 10
0

20

U
ns

20

40

60

Time/sample no. pH

Th
e 60

80

100
Upper limitLower limit



Principal Component Analysis (PCA)p p y

er
®

• Projection method
• Exploratory data analysis

m
bl

e• Extract information and remove noise
• Reduce dimensionality / Compression

sc
ra

m• Classification and clustering

U
nsX Model= + Noise

Data table (X) Model Noise

Th
e Data table (X)

• Instrument measurements
• Quality parameters
• Process settings

Model
• Structured variation
• Information

Noise
• Unstructured variation
• Measurement error
• Contains no informationg



PCA (1/5)

er
®

Each row of the data table is a point in 
a multidimensional space

m
bl

e

Glossy Shape Adhesive

Product 1 7.08 7.08 4.15

dh
es

iv
e

sc
ra

m

Product 2 7.07 5.21 4.43

Product 3 7.69 1.38 5.00

P d t 4 7 69 1 85 6 08

A

6.08

U
ns

Product 4 7.69 1.85 6.08

Product 5 6.47 6.87 5.27

Product 6 6.07 7.79 4.79
7 69

1.85

Th
e Product 7 6.08 8.08 5.15

7.69



PCA (2/5)

er
®The whole data table 

becomes a swarm of

m
bl

ebecomes a swarm of 
points
– One point per sample dh

es
iv

e

sc
ra

mOne point per sample
– Similar samples are 

close to each other

A

U
ns

close to each other
– Dissimilar samples are 

distant

Th
e 



PCA (3/5)

Variation among samples can be

er
®

Variation among samples can be 
summarised by a straight line

The principal component (PC)

Principal 
Component 
(PC)

Average = 
most typical 
example

m
bl

e– The principal component (PC) 
goes through the middle of the 
swarm of points dh

es
iv

e

( )

sc
ra

mp
– It is oriented in the direction of 

maximum variation

A

U
ns

– Principal components are also 

Th
e p p

called latent variables, or simply 
components



PCA (4/5)

E h l i i t d b

er
®

Each sample is approximated by 
its projection onto the straight 
line

m
bl

eline
– Typical samples fall close to the 

average dh
es

iv
e

Residual

sc
ra

maverage
– Extreme samples fall at the end 

of the line

A

U
ns

of the line
– The residuals show how good 

the approximation is

Th
e the approximation is



PCA (5/5)

Wh t b t th diff

PC1

er
®

What about the differences 
that have not been 
summarized by the principal 

m
bl

ey p p
component?

sc
ra

m– If we look at the samples from
one end of PC1, we can see all 
the residuals.

U
ns– Now we can find a second 

straight line which describes 
sample differences from that

Th
e sample differences from that 
new point of view.



Building a 2‐Dimensional Mapg p

er
®With two principal 

components we can 

m
bl

edefine a plane
– Let us freeze the picture

dh
es

iv
e

PC1
PC2

sc
ra

m

– and use it as a map A

U
ns

Th
e 



Scores and loadingsg

Scores Loadings

er
®

• Map of samples
• Displays distribution of samples in 
the new space defined by the PC’s

• Map of variables
• Shows how the original 
variables are related to the PC’s

m
bl

e
sc

ra
m

U
ns

Th
e 



What is a Score?

X

er
®The score equals the distance t

for sample (a)

X1

m
bl

e

(a)
Each point is a sample

sc
ra

m

Mean

U
ns

Th
e 

The three axes are three
measured variables

X2X3
measured variables



What is a Loading?g

X The loading p equals the cosine ofL di d ib h th

er
®

X1 The loading p equals the cosine of 
the angle between the PC and variable

Loadings describe how the 
PC’s direction is related to 
the original variables. 

m
bl

e
sc

ra
m

U
ns

Th
e 

X2X3



Number of components in modelp

Keep adding components as 

er
®

X
Model
50%= +

Residual
50%

long as they contain 
structured information

• Interpretable differences

1PC

m
bl

eX 50% 50%• Interpretable differences 
between samples
• Explains a significant amount 
f i ti ( lid ti !)

sc
ra

m

X Model
75%= +

Residua
l

of variation (validation!) 2PC’s

90
100

ce

U
ns

75%
25%

3PC’s
40
50
60
70
80

ed
 v

ar
ia

nc

Th
e 

X Model
90%= + Residual

10%
0

10
20
30
40

E
xp

la
in

e

0
0 1 2 3 4 5

# PCs



PCA Algebrag

er
®p2p1

m
bl

e

X = E++

sc
ra

mt1 t2

P

U
nsX E= +T

P

Th
e 

X TPT + EX = TPT + E



Example: Rasberry jamsp y j

er
®• 12 rasberry jams are made 

according to a factorial design Cultivar
Harvesting 

time

m
bl

e– 4 cultivares
– 3 harvesting times

C1 H1
C1 H2
C1 H3
C2 H1

sc
ra

m

• 12 sensory attributes have been 

C2 H1
C2 H2
C2 H3
C3 H1

U
ns

y
evaluated for each jam
– Sweetness, sourness, bitterness, redne

C3 H1
C3 H2
C3 H3
C4 H1

Th
e 

, , ,
ss, juiciness,... C4 H2

C4 H3



Example: Raspberry jamsp p y j

er
®Two components explain 58% + 28% = 86% of the variation in X

m
bl

e

Blue  = H1
Red    = H2

sc
ra

mGreen = H3

U
ns

Th
e 



Example: Raspberry jamsp p y j

er
®Late harvest gives a jam with high redness and colour intensity

m
bl

e

Blue  = H1
Red    = H2

sc
ra

mGreen = H3

U
ns

Th
e 



Example: Raspberry jamsp p y j

er
®Early harvest gives a thick jam

m
bl

e

Blue  = H1
Red    = H2

sc
ra

mGreen = H3

U
ns

Th
e 



Example: Raspberry jamsp p y j

er
®Cultivar C1 has a higher degree of off-flavour 

m
bl

e

Blue  = H1
Red    = H2

sc
ra

mGreen = H3

U
ns

Th
e 



Example: Raspberry jamsp p y j

er
®Cultivar C3 and C4 has a distinct raspberry smell and flavour, 

if it is not harvested too early 

m
bl

e

Blue  = H1
Red    = H2

sc
ra

mGreen = H3

U
ns

Th
e 



Outliers

er
®• What is an outlier?

– An object deviating from the others

m
bl

e– Can disturb the model
• Cause

sc
ra

m

– Measurement error
– Wrong labeling

U
ns

g g
– Deviating product / sample
– Noise

Th
e Noise



Outliers

er
®Example: sample projections onto PC1 and PC2: 

m
bl

e

PC1Large residual

sc
ra

m

PC2 Large distance 

U
ns

PC2 g
to model center
(leverage)

Th
e 

– Samples with a large residual are not well described
– Samples with high leverage are influential



Example: Oilsp

er
®• Spectra have been measured on 37 oil samples

– Olive

m
bl

e– Corn
– Safflower

sc
ra

m

– Sesame
– Corn marg

U
ns

Th
e • Can PCA be used to classify the oils?



Conclusion: Oils

er
®• PCA was able to discriminate between the five 

oil types

m
bl

e– Five clearly separated groups were found using PC1 
and PC3

sc
ra

m

• PCA also discovered some suspicious/outlying 

U
nssamples

– Wrong labelling

Th
e – Only one sesame sample

– One safflower sample didn’t fit in (high residual) 


